AP Calculus AB

Unit 3 — Introduction to Differentiation



AP Calculus AB — Worksheet 20 Average Rates of Change

1 Find the average rate of change of f (x)=x°+1 over the interval [2,3].

2 Find the average rate of change of f (x) =/4x+1 over the interval [2,12] .

3 Find the average rate of change of f(x)=2+cosx over the interval [0,7].

4 _ | The amount of money in a bank account, called the balance, after t years is f (t)=100(L.08)" dollars,

a) What are the units of the rate of change of f (t).

b) Find the average rate of change of the balance over the time interval [0,0.5] . Explain the meaning of
this value in the context of the bank account.

5 The amount of money in a bank account, called the balance, after t yearsis f (t)= 200(0.94)t dollars. Find the
average rate of change of the balance over the time interval [0,0.5]. Explain the meaning of this value in the
context of the bank account.

6 The table below shows the weight, in Ibs., of a grown man over a certain time period, t, in years. Consider the
first year of the data collection period as t=0.

Year 0 2 5 6 10
Weight | 145 160 175 160 185

a) Find the average rate of change of the man’s weight over the time period [0,10] , using correct units.
b) Estimate the instantaneous rate of change of the man’s weight at year four using correct units.

Evaluate lim for
h—0

7 f(x+h)-f(x)
h

a) f(x)=x*-4x+5 b) f(x)=2x+5

8 Find the equation of the line that passes through (2,4) and is perpendicular to 2x—4y =7.

X2 +x=3, x<2 . . . ) )
is either continuous or discontinuous at x=2.
2X+1  , x>2

Verify that f (x) ={




AP Calculus AB — Worksheet 21 Limit Definition of the Derivative and the Tangent Line Problem

Find the derivative of the function using the limit process.

Remember: The derivative is a new function, so it requires new notation; Example: f '(x) or 3
X

1 1 g(x)=-5

h(x)=§x+3

Find the slope of the tangent line to the graph of the function at the given point.

3 | f(t)=5t-t* (1,2)

4| F(X)=7-9¢; (1,-2)

Find the equation of the tangent line to the graph of the function at the given value of x.

S | f(x)=x"+2x+1, x=—4

2kx® —x, x<3

xX+x, x>3

What is the value of Kif f(x) ={ is continuous at all real numbers?

The table below shows selected values for a function, f (x) , at various values of x.

X 0 1 2 5

f () 14 18 24 32

44

7) Find the average rate of change of the function over the interval [1, 2] .

8) Find the average rate of change of the function over the interval [5,9].
9) Estimate the slope of the function when x=3.




AP Calculus AB - Worksheet 22 Power Rule

Nearly all men can stand adversity, but if you want to test a man's character, give him power. - Abraham Lincoln

Review

4-x?,

) is continous. Show all necessery work.
ax“ -3, x=>-1

Find the value of a so that the function f (x) = {

Use the Power Rule to find the derivative of each function.

1) y=x 2) f(x)=4x 3) f(x)=3x*-4x+1
4) y=5x-1 5 f(t)=—2t*+3t-6 6) f(x):i

X7
7) f(x)=2x"+5x’ 8) f(x):é& 9) yzf/x_z

Find the instantaneous rate of change of each function when x=1.

10) y=2x° 11) f(x)=8 12) y=4x?-8x+1
3
- -3 -2 4 2
13) f(x)=2--2 42X _x1i3|19) y= 24X~ 15) f(x):xé+xé—3
4 3 2 Jx

Find the slope of the curves at the indicated values of x.

16) y=x*-3x2+2, X=2 17) f(X)=X3+X, = _1
_ 3 2 _
18) f(X):é/z_s, X=1 19) y=X +3X +2X, X=0
X

X+ Ax)” —5(x+AX)+6 (X’ ~5x+6)

20) Evaluate lim
Ax—0 AX

using the power rule shortcut. (Make connections)

21) Find two unique functions, f (X), such that both of their derivatives are f '(X)=xX"+2x+8. (Answers will vary)



http://www.brainyquote.com/quotes/quotes/a/abrahamlin101343.html
http://www.brainyquote.com/quotes/authors/a/abraham_lincoln.html

AP Calculus AB - Worksheet 23 Tangent and Normal Lines (Power Rule)

For each of the following:
a) Graph the curve.
b) Find the equation of the tangent line at the given point. Graph the tangent line.
c) Find the equation of the normal to the curve at the given point. Graph the normal line.

1 y=x"-3, (21) 2. f(x)=+x, (4,2 3. y=2-4x", (21)

4. Find the equation of the tangent line to the curve f (x) =4x* +8x+1at x=1.

5. Find the equation of the normal line to the curve f (x)=3x"-x"at x=-2.

6. Find the point(s) on the curve f (x) =2x% +3x* —12x +1 where the tangent is horizontal.

7. Find all values of x for which the graph of g(x) =x®—17x* +63x have horizontal tangent lines.

8. For what point on the curve of f (x)=8x’—7x is the slope of the tangent line equal to -87.
3
9. Find an equation of the tangent line to the curve y = X2 that is parallel to the line y =1+ 3X.

10. Challenge Problem Find a parabola with equation f (X)=ax’+bx+c such that:
- f(2)=15
- f'(1)=4
- f'(-1)=-8
(Hint: You will create 3 different equations in order to solve for a, b, and c.)

x+h) —2(x+h)—(x*—2x
11. Evaluate Ihim( ) ( - ) ( )
—0

using the Power Rule.



AP Calculus AB - Worksheet 24

The Package Rule

For problems 1-14, find f (x) Do not simplify your answer.

1. f(x):(3x+2)8 2. f(x):(l—x)6
4. f(x)= X2 +3x+1) 5. f(x)= ! -

( ) (x2+2)
7. f(x)=(2x2—3x+1)4 8. f(x)=vx*+2x-1
10. f(x):(x2—4)_; 1. f(x)=6x"-8x°
13, f(x)=(—9x+«/§)_2 14, f(x):%

3. f(x)= (1—2x2 )3

6. f(x)=vx+1
1
9. f(x)=
() Ix3+3
2
12. f =
(X) 3x-5
15. f(x)=(4x"-5x" +5)

Write the equation of the normal line at the given x-value.

16. f(x)=2x’-2x-7 whenx=-1

18. f(x)zx/x—lwhenx:S 19. 1‘(x)=33 when x =2
X

17. f(x)=(2x+3)3 when x=0



AP Calculus AB - Worksheet 25

Differentiate the following functions. Do not simplify the answer

11.

13.

15.

g(t) = 6t°

vi-1
Vo |

G(v) =

1

f(X)z——
) 1+ X+ X2+ X°

f(x)=3x% +3x*
g()=x"-x
k(x) = (2x2 —4x +1)(6x—5)

4x-5

f(x)=
) 3X+2

k(r)=r®(3r*=7r* +2r)

10.

12.

14.

16.

Product and Quotient Rules for Derivatives

2_
B(x):8X 6x+11
x-1

f(s)=15—s—4s* —5s*

2x3 —7x* +4x+3

XZ

M (x) =

p(x):1+1+i2+i3
X X° X

h(x) = (5x—4)’

1
F(t):t2+t—2
47°
N(z)=
(2) 3z+2
S(x):#3
(6x+5)

17. The function f is defined by f (x)= LZ Determine the points (X, y) on the graph of f for which the slope of the
+

tangent line to f at (x,y) has slope %



AP Calculus AB — Worksheet 26 Estimating Derivatives Using the Calculator

Estimate the derivative at the given point by using a calculator.

1] f(x)=x/2-x; find f (-10)

2 f (x)=cos(5x); find f '(2)

3 f(x)=In(Vx); find f (1)

f (x):eg; find f '(4)

S f (x)=tan(sinx); find f '(-3)

6 f(x)=2"; find f'(2)

The function f (t) :Lt measures the height of a bird in meters where t is seconds. Find f (2) :
cos

8 | The function f (t)=sin’t measures the depth of a submarine measured in feet where t is minutes. Find f'(12.5)

9 | For f(x)=cos(tanx), find the equation of the tangent line and normal line at x=2.

10 4
For f (x) _ X , find the equation of the tangent line and normal line at x=3.

Ix




AP Calculus AB — Worksheet 27 Derivatives Using Tables

For each problem, you are given a table containing some values of differentiable functions f(x), g(x) and
their derivatives. Use the table data and the rules of differentiation to solve each problem.

1
x| fW) | F) | el | e a) Given h(x)=f(x)+g(x). find 2'(2)
> -l ! i b) Given s(x)=f(x)—g(x). finds'(3)
2] 4 -1 3 E ¢) Given p(x)=/f(x)-g(x). findp'(4)
3 -1 4 1 d) Given g(x)= g{x)e find ¢'(5)
41 2 | -1 1 f(x)
e) Given ¢(x)= ) find ¢'(2
T, . 1t ) Given cfx) =) <)
2 f) Given m(x):f(g(x)). findm'(6)
6 2 1 4 -2
2
Let h(x) =f(g(x)) and p(x) = g(f(x)). Use the table below to
compute the following derivatives.
a.h'(4)
b. p'(3)
X 1 2 3 4
fx) 3 2 2 1
fx) | -9 | -3 | -2 | -8
g(x) 4 1 3 2
1 4 3 2
’
X — — — —
9 () 5 5 5 5
3
f3) [&B3) [£(3) | &B)
-1 2 5 =2
The table above gives values for the functions f and g and their derivatives at x = 3. Let k be the function
given by k(x) = ‘féxi. where g(x) # 0. What is the value of k’(3) ?
g(x
4 _ _ N 2 f(x)
For a given function f (x), itis known that f(4)=5andf'(4)=4. Let g(x)=x*-f(x) and h(x)= .
X —
a.  Find an equation of the line that is tangent to the graph of y=g(x) at x=4.
b. Find an equation of the line that is tangent to the graph of y=h(x) at x=4.




AP Calculus AB — Worksheet 28 Differentiability

Identify any values of x for which the graph of f (x)is:

a) Not continuous
b) Continuous but not differentiable

H - _ 2)

P w5 a3 | 123 &5 é
Determine if the function is differentiable at the given value.
3) 4)
X, x<1 x*—1 x<2
f(x)= . ox=1 f(x)= . x=2
X, x>1 4x -5, x>2
5) Sketch the graph of a continuous function such that: 6) Sketch the graph of a continuous function such that:
f(0)=2; f(0)=4

f'(0) is undefined
f'(x)<0forx<0
f'(x)>0forx>0

f'(x)=-3for —o<x<o

7
The graph of the function f is shown at the right. v

The function h is defined by h(x) = f(2x% — x). Find the
slope of the line tangent to the graph of h at the point where 3
x=-1

f(x

Bk A j




AP Calculus AB — Worksheet 29 Derivatives (Power, Package, Product and Quotient Rules) Review

1| Use the limit definition of the derivative to find f'(x) for f(x)=2x"+1

Find the derivative of each function below. Simplify your answer.

2 _2-x

T
3,2

(5x+1)3
f(x)=
(x) —
5 f(x)=(x2—2)(x‘l+2)
0 y=3xz+z—i2
X X

Answer each guestion about tangents and normals.

7 | Find the points on the curve y=2x’—3x> —12x+20 where the tangent line is parallel to the x-axis.

8 | Find the slope of the normal to f (x)=2x>+x* -1 at the point where x = %

9 Find the equation of the tangent to y =+/x’ +1 at the point where x=2.

10 Find % for y= (x2 +1)(x3 +1) , then find the slope of the normal when x =—1.
X

11 | If the line y =2x—3 is tangent to the function f (x) = x* + 2x—3, what is the point of tangency?

12 | Atwhat x-value is y=3x—1 tangentto f (x)=x°+1.

For #13-18, use the table below to find the indicated value.

T fgx) f’l(x) ggx) g’:gx) 13. Givenh(x)= f(x)+g(x), findh'(2
3 14. Givend(x)= f(x)—g(x), findd'(3)

2| 2 1 4 9 15. Given p(x)= f(x)-g(x), find p'(3)

31 3 1 5 ; 16. Given q(x):%, find q'(3)

4l 4| 1|3 _% 17. Given k(x)=(f (x))*, find k'(1).

ST s 1 > T 18. Givenc(x)=f(g(x)), findc'(1)




AP Calculus AB — Worksheet 30 Unit 3 Review

Find the equations of the tangent and normal lines to the curve f (X) = 7«/; at x=4.

Find Y for y= x-1
dx 4x+5

. Simplify

3 For what value(s) of x does f (X) =x® —7x? +8X+ 2 have horizontal tangents?

4 Find the derivative of f(x)=(6x3 —x+1)(9—x6).

S -3x* +2x+3
Find the slope of the tangent line to the curve f (X) =—————— at the point where X=-2.

(x-2)

6 | For what point on the curve of y=8x? +4x is the slope of the tangent line equal to —44 ?

3
Find the derivative of y = (8x3 + 7)4

8
Differentiate f (x)= ;5 .
(6x+7)

9 The figure below shows the graph a function f (x).

vl a) Atwhat values of x does f (x)appear to be continuous?

b) Atwhat values of x does f (x) appear to be differentiable?

\ / N\
X
-4 -3 -2 -1 1 2 3 4 5 6 7
10 , , 2 : dy
Assume that f'(2)=-3, g (4)=E, 9(4)=2, andy= f(g(x)), what is the value of ™ at Xx=47?
X
11
Ay
8 Let H(x)= f (x)+g(x), where the graphs of f and g are shown in the figure to the left.
=f{x} . .
i Find H'(3).
4
A/
o v 3 alx) K,




